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A model of the fluid nonlinear frequency shift of ion acoustic waves (IAWs) in multi-ion species plasmas is
presented, which considers the effect of ion temperature. Because the thermal ion exists in plasmas in inertial
confinement fusion (ICF) and also solar wind, which should be considered in nonlinear frequency shift of
IAWs. However, the existing models [Berger et al., Physics of Plasmas 20, 032107 (2013); Q. S. Feng et al.,
Phys. Rev. E 94, 023205 (2016)] just consider the cold ion fluid models. This complete theory considering
multi-ion species and thermal ions will calculate the frequency of the large amplitude nonlinear IAWs more
accurately, especially the slow mode with high ion temperature, which will have wide application in space
physics and inertial confinement fusion.
PACS numbers: 52.35.Fp, 52.35.Mw, 52.35.Py, 52.38.Bv
I. INTRODUCTION
The nonlinearities of ion acoustic waves (IAWs) are of
fundamental interest to plasma physics. Understanding
the fluid effects and kinetic effects of nonlinear IAWs is
of key significant in space physics such as solar wind1–5
and also stimulated Brillouin scattering (SBS) in inertial
confinement fusion (ICF)6–12.
The nonlinear saturation of SBS13–18 in plasmas rele-
vant to ICF is closely related to the ion-acoustic wave sat-
uration. Therefore, studying the nonlinearities of IAWs
is important to understand the underlying physics of the
saturation of SBS and to interpret scattered light lev-
els from current ICF experiments. The nonlinear fre-
quency shift (NFS) of IAWs induced by trapping13,16–18
and harmonic generation19,20 is suggested to be a possi-
ble saturation mechanism of SBS. Therefore, the theory
to calculate the nonlinear frequency shift of IAWs is vital
to ICF.
The nonlinear effects on the frequency of the nonlin-
ear IAWs are hot topics as a result of their potential role
in determining the saturation of SBS in ICF.18,21 The
fluid NFS of IAWs resulting from harmonic generation
is obtained by the isothermal cold ion fluid equations
where ion is considered to be cold22–24. However, in fu-
sion plasmas, ion temperature might be almost compara-
ble to electron temperature. Therefore, the effect of ion
temperature on the fluid NFS should be considered.
In this paper, a multi thermal ion fluid model is pro-
posed to calculate the fluid NFS of IAW in multi-ion
species plasmas. This model considers the thermal ions
a)Electronic mail: cao lihua@iapcm.ac.cn
b)Electronic mail: zheng chunyang@iapcm.ac.cn
and is verified to be consistent to Vlasov simulation data
better, especially for the slow IAW mode with high ion
temperature.
II. THEORETICAL MODEL
From the isothermal hot ion fluid equations:
∂tna + ∂x(nava) = 0, (1)
∂tva + va∂xva = −C2a∂xφ− γav2th,a∂xna, (2)
−∂2xφ+ 4πen0 exp[φ] = 4π
∑
a
qana, (3)
the fluid nonlinear frequency shift resulting from har-
monic generation is derived. Where the electrostatic po-
tential is normalized by Te/e, i.e., φ → eφ/Te; Ca =√
ZaTe/ma and vth,a =
√
Ta/ma are the sound speed
and the thermal velocity of ion a. The thermal ion effect,
i.e., the term of −γav2th,a∂xna in Eq. (2) is considered in
this paper. Following Pesme et al.25, Berger et al.22 and
Feng et al.24 the variables in a Fourier series are given by
(φ, na, va) =(φ0, na0, va0) +
1
2
∑
l 6=0
(φl, nal, val)
× exp[il(kx− ωt)], (4)
where (φa−l, na−l, va−l) = (φal, nal, nal)
∗ and expφ ≃
1 + φ + 12φ
2 by keeping terms for l = 0,±1,±2 up to
2nd order. From Eqs. (1)-(3) for l = 0 by retaining
terms with matching exponents in the Fourier series, one
obtains
φ0 +
φ20
2
= −φ
2
1
4
− φ
2
2
4
, (5)
2where conservation of charge, n0 =
∑
a Zana0, has been
used. The equation of Eq. (2) for l = 1 is
− iωva1 + ikC2aφ1 + ik
γav
2
th,a
na0
na1 = −i1
2
va−1va2, (6)
where the left hand are the linear terms and the right
hand are the nonlinear terms. The corresponding equa-
tion for l = 2 is
− 2iωva2 = −2ik
[
C2aφ2 +
1
4
v2a1 +
γav
2
th,a
na0
na2
]
. (7)
Keeping terms only to second order in φ2, we will calcu-
late for φ2 in the following. Firstly,
na2 =
k
ω
[
na0va2 +
1
2
na1va1
]
, (8)
va2 =
k
ω
[
C2aφ2 +
1
4
v2a1 + γav
2
th,a
na2
na0
]
, (9)
which further gives
va2 =
k
ω
[
C2aφ2 +
1
4
v2a1 + γav
2
th,a
k
ω
[va2 +
1
2
na1
na0
va1]
]
,
=
k/ω
1− k2γav
2
th,a
ω2
[C2aφ2 +
1
4
v2a1 +
1
2
kγav
2
th,a
ω
na1
na0
va1],
na2 = na0
k2
ω2
1
1− k
2γav2th,a
ω2
[
C2aφ2 +
1
4
v2a1 +
1
2
ω
k
na1
na0
va1
]
.
Substituting above results into Eq. (7), one obtains
[4k2λ2De + (1 + φ0)]φ2 +
1
4
φ21
=
∑
a
Za
na0
ne0
k2/ω2
1− k
2γav2th,a
ω2
[
C2aφ2 +
1
4
v2a1 +
1
2
ω
k
na1
na0
va1
]
.
(10)
Since φ2 is estimated to second order in φ2, na1 and va1
in Eq. (10) are simply estimated to first order in φ1.
Thus, from Eq. (6), one obtains
na1 =
k
ω
na0va1 = na0
k2/ω2
1− k
2γav2th,a
ω2
C2aφ1, (11)
va1 =
k
ω
C2aφ1 +
k
ω
γav
2
th,a
na1
na0
=
k/ω
1− k
2γav2th,a
ω2
C2aφ1.
(12)
Substituting these results into Eq. (10), one obtains
[4k2λ2De + (1 + φ0)]φ2 +
1
4
φ21
=
∑
a
Za
na0
ne0
k2/ω2
1− k
2γav2th,a
ω2
[C2aφ2 +
3
4
v2a1].
(13)
This result can be rewritten to
[4k2λ2De + (1 + φ0)−
∑
a
Zana0/ne0
1− k2γav
2
th,a
ω2
k2C2a
ω2
]φ2
=
3
4
∑
a
Zana0
ne0

 k4C4a/ω4
(1− k
2γav2th,a
ω2 )
3
− 1
3

φ21. (14)
Due to φ0 ∼ |φ1|2, this term in the left hand of the above
equation is neglected and
C22s ≡
∑
a
Zana0/ne0
1− k
2γav2th,a
ω2
C2a , C
4
4s ≡
∑
a
Zana0/ne0
(1 − k
2γav2th,a
ω2 )
3
C4a ,
(15)
is defined. Where
k2γav
2
th,a
ω2 is the term considering the
thermal ion effect, which is zero in cold ion model22,24.
One obtains
[4k2λ2De + 1−
k2C22s
ω2
]φ2 = [
3
4
k4C44s
ω4
− 1
4
]φ21. (16)
Finally, the relation between φ2 and φ1 is
φ2 = A2φφ
2
1, A2φ =
[ 34
k4C4
4s
ω4 − 14 ]
[4k2λ2De + 1− k
2C2
2s
ω2 ]
. (17)
Defining C2s2 = 4k
2C22s/(1 + 4k
2λ2De), then one obtains
A2φ =
C2s2
4ω2 − C2s2
[
3k2C44s
4ω2C22s
− ω
2
4k2C22s
]
. (18)
In the following, φ1 will be estimated to less than third
order in φ1 from equations for l = 0. First, the density
and velocity are
na1 =
k
ω
[na0va1 +
1
2
na−1va2 +
1
2
na2va−1], (19)
va1 =
k
ω
[C2aφ1 +
γav
2
th,a
na0
na1 +
1
2
va−1va2]. (20)
The first order and the second harmonic of density and
velocity are
na1 =
k
ω
na0va1 =
k2/ω2
1− k2γav
2
th,a
ω2
na0C
2
aφ1, (21)
va1 =
k/ω
1− k
2γav2th,a
ω2
C2aφ1, (22)
na2 = na0
k2/ω2
1− k
2γav2th,a
ω2
[
C2aφ2 +
3
4
v2a1
]
, (23)
va2 =
k/ω
1− k
2γav2th,a
ω2
[
C2aφ2 +
1
4
v2a1 +
1
2
k2γav
2
th,a
ω2
v2a1
]
.
(24)
3Now, we first derive velocity va1 by substituting result of
first order into the term of high order
va1 =
k/ω
1− k
2γav2th,a
ω2
[C2aφ1 +
1
2
[
k2γav
2
th,a
ω2
+ 1]va1va2
+
1
2
kγav
2
th,a
ω
na2
na0
va1]. (25)
Inserting the fist order result of the velocity va1, one ob-
tains
va1 =
kC2a/ω
1− k
2γav2th,a
ω2
[1 +
k2C2a
ω2 (
2k2γav
2
th,a
ω2 + 1)
2(1− k
2γav2th,a
ω2 )
2
φ2
+
k4C4a
ω4 (1 +
6k2γav
2
th,a
ω2 +
2k4γav
4
th,a
ω4 )
8(1− k2γav
2
th,a
ω2 )
4
φ21]φ1. (26)
Next, the density perturbation is
na1 =na0
k2C2a/ω
2
1− k
2γav2th,a
ω2
[1 +
3k2C2a/ω
2
2(1− k
2γav2th,a
ω2 )
2
φ2
+
k4C4a/ω
2
8(1− k
2γav2th,a
ω2 )
4
(5 +
4k2γav
2
th,a
ω2
)φ21]φ1. (27)
The Possion equation for l = 1 is
[k2λ2De + 1 + φ0]φ1 +
1
2
φ2φ1 =
∑
a
Za
na1
ne0
. (28)
Substituting the expression of Eq. (27) into this Possion
equation gives
[k2λ2De + 1 + φ0 −
∑
a
Zana0/ne0
1− k
2γav2th,a
ω2
k2C2a
ω2
]φ1 (29)
=− 1
2
φ2φ1 +
∑
a
Zana0/ne0
(1 − k
2γav2th,a
ω2 )
3
3k4C4a
2ω4
φ2φ1
+
∑
a
Zana0/ne0(5 +
4k2γav
2
th,a
ω2 )
(1− k2γav
2
th,a
ω2 )
5
k6C6a
ω6
φ21φ1. (30)
Applying the relation φ0 ≈ − 14 |φ1|2, and defining
C66s ≡
∑
a
Zana0(1 +
4k2γav
2
th,a
5ω2 )
ne0(1− k
2γav2th,a
ω2 )
5
C6a , (31)
one obtains
[k2λ2De + 1−
k2C22s
ω2
]φ1 = [−1
2
+
3k4C24s
2ω4
]φ2φ1
+ [
1
4
+
5k6C66s
8ω6
]|φ1|2φ1. (32)
Substituting φ2 = A2φφ
2
1 and defining C
2
s1 = k
2C22s/(1 +
k2λ2De), one can obtain
[ω2 − C2s1]φ1 = (A2φCA2φ + C2)|φ1|2φ1, (33)
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FIG. 1. (a) The ratio of the fluid nonlinear frequency shift
including ion temperature to that with cold ion varies with
ZTe/Ti for different kλDe. (b) The fluid nonlinear fre-
quency shift varies with the electrostatic potential for different
ZTe/Ti with kλDe = 1/3.
where
CA2φ =
C2s1
2
[− ω
2
k2C22s
+ 3
k2C44s
ω2C22s
], (34)
C2 =
C2s1
8
[
2ω2
k2C22s
+
5k4C66s
ω4C22s
]. (35)
Since ωharm = ω+ δωharm, and ω
2−C2s1(ω) = 0, ωharm is
the effective fundamental IAWs frequency after account-
ing for harmonic effects. Due to the inclusion of the
second harmonic terms, the frequency shift of the fun-
damental mode in multi-ion species plasmas is given by
δωharm
ω
=
∆
2ω2 − ω∂ωC2s1
|φ1|2, ∆ ≡ A2φCA2φ + C2.
(36)
A. single-ion species plasmas
Applying our result for single ion plasmas
ω2 = k2C2s/α+ k
2γav
2
th,a = k
2C2s (1/α+ β), (37)
A2φ =
3α2(1 + αβ)− 1
12(α− 1) , (38)
CA2φ =
ω2
2
[− 1
α
+ 3α(1 + αβ)], (39)
C2 =
ω2
8
[
2
α
+ 5α2(1 + αβ)2(1 +
4k2γav
2
th,a
5ω2
)], (40)
2ω2 − ω∂ωC2s1 = 2ω2(1 + αβ), (41)
where α = k2λ2De + 1 and β = γav
2
th,a/C
2
s =
γaTa
ZTe
.
Therefore, the fluid nonlinear frequency shift in single
ion species plasmas is given by
δωharm
ω
=
1
48α(α− 1)(1− β) [(3α
2(1 + αβ) − 1)2
+ 3(α− 1)[2 + 5α3(1 + αβ)2(1 + c)]|φ1|2,
(42)
4where c =
4k2γav
2
th,a
5ω2 . For cold ion, β = 0, c = 0, the
nonlinear frequency shift is
δωharm
ω
=
[(3α2 − 1)2 + 3(α− 1)(2 + 5α3)]
48α(α− 1) |φ1|
2
=
(4 + 45k˜2 + 93k˜4 + 81k˜6 + 24k˜8)
48k˜2(1 + k˜2)
|φ1|2, (43)
which is consistent with the result of Berger et al.22 from
cold ion assumption. Where k˜ = kλDe is defined. Com-
paring Eq. (42) with Eq. (43), the effect of ion temper-
ature on the frequency shift is presented by these terms
including β. It is obvious that ion temperature can en-
hance the frequency shift. More detail, ion temperature
will make a significant effect if γaTa/ZaTe >∼ 0.1.
As shown in Fig. 1(a), the ratio of the fluid NFS in-
cluding ion temperature to that with cold ion δωh/δωc
will decrease with ZTe/Ti increasing. When ZTe/Ti is
very large, such as ZTe/Ti = 30, the fluid NFS in-
cluding ion temperature will be close to the fluid NFS
with cold ion. Especially, when ZTe/Ti = 2, the ratio
δωh/δωc will reach 3 − 4. That is to say, the effect of
ion temperature on fluid NFS is obvious in higher ion
temperature. On the other hand, with kλDe increasing,
δωh/δωc will decrease. When ZTe/Ti is very large, such
as ZTe/Ti = 30, δω
h/δωc will be the same in different
wave numbers kλDe, which is because the effect of ther-
mal ions on fluid NFS will not be obvious when ZTe/Ti
is very large. As shown in Fig. 1(b), the fluid NFS will
decrease obviously with ZTe/Ti increasing. Especially,
when ZTe/Ti = ∞ or Ti/Te = 0, the NFS from single
thermal ion fluid theory will be consistent to NFS from
single cold ion fluid theory22,23. However, the higher the
ion temperature is, the effect of thermal ions on fluid
NFS will be more obvious.
B. multi-ion species plasmas
In multi-ion species plasmas, the linear dispersion re-
lation of IAWs can be calculated from22,24,26,27
ǫL(ωs, ks) = 1 +
∑
j
1
(ksλDj)2
(1 + ξjZ(ξj)) = 0, (44)
where Z(ξj) = 1/
√
π
∫ +∞
−∞
e−v
2
/(v − ξj)dv is the plasma
dispersion function, and λDj =
√
Tj/4πnjZ2j e
2, vtj =√
Tj/mj are the Debye length and the thermal velocity of
specie j. Andmj , Zj, Tj , nj are the mass, charge number,
temperature and density of specie j, respectively. In this
paper, CH plasmas will be chosen as a typical example of
multi-ion species plasmas due to its potential applications
in ICF6–8. In CH plasmas, calculated by Eq. (44), the
frequency of the fast mode in the condition of kλDe =
1/3, Ti/Te = 1/15 is Re(ωs) = 6.102× 10−3ωpe, and the
frequency of the slow mode in the condition of kλDe =
1/3, Ti/Te = 1/2 is Re(ωs) = 5.664× 10−3ωpe.
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FIG. 2. Comparison of the multi thermal ion fluid theory in
this paper with the single cold ion fluid theory22,23 and multi
cold ion fluid theory24. The condition is kλDe = 1/3, Ti/Te =
1/15 for the fast mode, which is the same as the research of
Chapman et al.23.
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FIG. 3. The three theories of fluid nonlinear frequency shift
of (a) the fast mode in the condition of kλDe = 1/3, Ti/Te =
1/15 and (b) the slow mode in the condition of kλDe =
1/3, Ti/Te = 1/2. Where the single cold ion fluid theory is
shown in Chapman et al.’s research22,23, the multi cold ion
fluid theory is given by Feng et al.24, and the multi thermal
ion fluid theory is given in this paper. And the kinetic NFS
is given by Berger et al.22,23.
5Figure 2 gives the relation between φ2/φ1 and φ˜1 from
three theories. It is shown that A2φ calculated by the
multi thermal ion fluid theory in this paper is obviously
larger than those calculated by the single cold ion fluid
theory22,23 and multi cold ion fluid theory24. This result
may give an explanation of that the Vlasov simulation
data is much larger than the single cold ion fluid theory
in Figure 3(b) in the research of Chapman et al.23, when
the effect of multi-ion species and thermal ions are con-
sidered. The multi thermal ion fluid theory given by this
paper will be closer to the Vlasov simulation data than
multi cold ion fluid theory24 and single cold ion fluid
theory22,23.
Figure 3 gives the fluid NFS calculated by three the-
ories. Compared with single cold ion fluid theory and
multi cold ion fluid theory, the effect of the thermal ions
will give a larger fluid NFS. The Vlasov simulation re-
sults of the slow mode in Figure 3(d) in Chapman et
al.’s work23 is obviously larger than the single cold ion
fluid theory, especially when |eφ/Te|1/2 is large, because
only the single species and cold ions are considered in
Chapman et al.’s research, while the system researched
by Chapman et al. is CH plasmas but not single-ion
species system and the ion temperature with Ti/Te = 1/2
could not be neglected. However, for the fast mode, the
ion temperature is very low related to the electron tem-
perature, thus the thermal ion effect can be neglected and
the multi cold ion fluid theory can be applied. The multi
thermal ion fluid theory in this paper will give a cor-
rection to the single cold ion fluid theory22,23 and multi
cold ion fluid theory24. The effect of multi-ion species
and thermal ions is considered in this paper.
III. NUMERICAL RESULTS
One dimension in space and velocity (1D1V) Vlasov-
Poisson code28,29 is taken to excite the nonlinear IAW in
CH plasmas. The form of the external driving electric
field (driver) is
E˜d(x, t) = E˜d(t)sin(kx− ωdt), (45)
where E˜d = eEdλDe/Te. ωd and k are the frequency and
the wave number of the driver. The envelope of the driver
E˜d(t) is
E˜d(t) =
E˜maxd
1 + ( t−t01
2
t0
)10
, (46)
where the maximum amplitude of the driver is E˜maxd =
eEmaxd λDe/Te. And the duration time of the peak driv-
ing electric filed is t0. The driver frequency chooses the
fundamental frequency of the linear IAW, i.e., ωd = ωL.
As shown in Fig. 4(a), the duration time of external
driving electric field is t0 = 1 × 105ω−1pe and turns off at
ωpet = 2× 105. After the driver is off, the BGK30 mode
is established, and the electric field oscillates at almost
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FIG. 4. (a) Time evolution of the electric field, calculated
at a fixed point x0 = 5λDe in the condition of Ti/Te = 1/2,
kλDe = 0.3. Where the red line is the envelop of the driver
with the maximum amplitude of E˜maxd = 0.0188 and fre-
quency of ω0 = 5.121×10
−3ωpe, which is the linear frequency
of the slow mode. (b) Frequency spectra of Ex in different
time scopes.
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6constant amplitude. As shown in Fig. 4(b), when the
driver is on, the frequency of the electric field among the
time scope of ωpet ∈ [0, 2× 105] is close to the linear fre-
quency of the slow mode ω0. However, when the driver is
off, the electric field will keep constant since the steady
BGK30 mode will be established through particle trap-
ping. The nonlinear frequency shift of the slow mode will
occur due to particle trapping and harmonic generation.
During ωpet ∈ [3× 105, 4.9× 105], the slow mode with a
larger frequency of ω0 + δωNL than the linear frequency
ω0 will be established as shown in Fig. 4(b). The nonlin-
ear frequency shift δωNL/ω0 is related to the amplitude
of nonlinear IAW excited by the driver.
The amplitude of the driver E˜maxd varies to excite dif-
ferent amplitudes of nonlinear IAW. Therefore, the non-
linear frequency shift δωNL/ω0 of the slow mode in dif-
ferent IAW amplitudes under the condition of kλDe =
0.3, Ti/Te = 1/2 can be obtained by Vlasov simulation.
As shown in Fig. 5, the total NFS δωkinNL + δω
flu
NL from
multi thermal ion fluid theory is closer to the Vlasov sim-
ulation data than that from multi cold ion fluid theory24
and single cold ion fluid theory22,23. That the Vlasov
simulation data is also larger than the total NFS from
multi thermal ion fluid theory may be because that only
the second harmonic terms are considered in the theory
in this paper. However, the effect of the thermal ions on
fluid NFS would give a better correction to the multi cold
ion fluid theory24 and the single cold ion fluid theory22,23,
as a result the thermal ion effect should be considered.
IV. CONCLUSIONS
The effect of thermal ions is considered in the fluid
nonlinear frequency shift model and a multi thermal ion
fluid model is given. The multi thermal ion fluid model is
verified to be better consistent to the Vlasov simulation
results and will give a better correction to the previous
theory, especially for the slow IAW mode with high ion
temperature. It will give a complete theory consider-
ing multi-ion species and thermal ions to calculate the
frequency of large amplitude nonlinear IAW. This theo-
retical model will have a potential application in space
physics and ICF, since the large amplitude nonlinear
IAW always be produced in solar wind and SBS.
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